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Abstract
We prove that all definable pre-orders are atomic, in a finitely
generated free algebra of a discriminator variety of finite similarity
type which is generated by its finite members.
A pre-order ≤ is a reflexive and transitive relation, a < b abbreviates that
a ≤ b and b 6≤ a. A pre-order≤ is called atomic if in each interval the smallest
element has a cover, formally if ∀a < b∃c [a < c ≤ b ∧ ¬∃x(a < x < c)]. The
name is justified by the fact that a Boolean algebra is atomic iff its natural
order is atomic in the above sense. A binary relation ≤ in an algebra F
is called definable if it is equationally definable, i.e., if there are terms τ, σ
in the language of F such that F |= ∀xy[x ≤ y ↔ τ = σ]. A variety
V is a discriminator variety if there is a term σ in its language that in
each subdirectly irreducible member of V is the so-called switching term, i.e.,
σ(x, y, u, v) = u if x = y and σ(x, y, u, v) = v if x 6= y. For this definition of a
discriminator variety, and for its basic properties that we will use in the proof,
we refer the reader to [2]. Theorem 1 below is a corollary of [1, Theorem
4.1(i)] which states that in an ordered discriminator variety of finite similarity
type, each finitely generated residually finite algebra is atomic. (The quoted
theorem concerns only orders and not pre-orders, but its proof equally applies
to pre-orders.) Here, we give a different, direct proof that might be easier to
generalize in certain directions.
Theorem 1 Let V be a discriminator variety of finite similarity type that is
generated by its finite members as a variety. Any definable pre-order in a
finitely generated free algebra of V is atomic.
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We note that none of the conditions of the theorem can be omitted with-
out affecting its truth, see the discussion at the end of the paper. Theorem 1
has applications in logic, see [8]. Both its statement and proof are a gen-
eralization of [4, Thm.2.5.7]. The key ingredients of our proof are that all
pre-orders on a finite set are atomic and the discriminator term gives us
expressive power.
Proof of Theorem 1. Let F be a V-free algebra freely generated by a finite
set X . Assume that the definable binary relation ≤ in F is a pre-order. Let
α < β in F, i.e., α ≤ β and β 6≤ α. We set to finding a cover γ ≤ β of α.
Since α < β in F and V is generated by finite algebras, there are a
finite subdirectly irreducible A ∈ V and a homomorphism h : F → A such
that h(α) < h(β) (in A). We may assume that A is generated by h(X) =
{h(x) : x ∈ X} since a subalgebra of a subdirectly irreducible algebra in a
discriminator variety is also subdirectly irreducible. Since X generates F,
each element of F is of the form τF(x¯) for at least one term τ (where x¯ is
a sequence of elements from X). Since A is also generated by h(X), the
homomorphism h is surjective. For each a ∈ A let ρ(a) denote a term such
that h(ρ(a)) = a. (ρ stands for “representative”.) Consider the formulas of
the following three forms
x = ρ(h(x)), f(ρ(a1), . . . ρ(am)) = ρ(f(a1, . . . , am)), ρ(a) 6= ρ(a
′)
where x ∈ X , f is an m-place operation in A, a1, . . . , am ∈ A, and a, a
′ ∈ A
are distinct. These conditions specify a finite set of formulas because X ,
the similarity type of A, and A are all finite. Thus their conjunction η is a
universal formula with x ∈ X considered to be free variables. Let A |= η[h]
denote that η is true in A under the evaluation h of variables, and the same
for B, k. The formula η describes A up to isomorphism, but we will use only
A |= η[h] and the following property of η,
(1) Let k : F → B be such that B |= η[k]. Then
i = {〈h(τ), k(τ)〉 : τ ∈ F} is an embedding of A into B.
Indeed, recall that X generates F and so each element of F can be obtained
from X by application of a term τ . First one shows by induction on τ that
k(τ) = k(ρ(h(τ))) for all τ . Indeed, we have k(x) = k(ρ(h(x))) by η, and we
have k(f(τ1, . . . , τm)) = f(k(τ1), . . . , k(τm)) = f(k(ρ(hτ1)), . . . , k(ρ(hτm))) =
= k(f(ρ(hτ1), . . . , ρ(hτm))) = k(ρ(f(hτ1, . . . , hτn))) = k(ρ(hf(τ1, . . . , τm))
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by k being a homomorphism, the induction hypothesis, k being a homomor-
phism, η, and h being a homomorphism, respectively. Thus i(a) = kρ(a) for
all a ∈ A. Hence i : A → B is a homomorphism by k being a homomorphism
and the second kind of terms in the definition of η. It is one-to-one by the
last term in the definition of η because a = h(ρ(a)) for all a ∈ A.
Since we are in a discriminator variety, each universal formula is equiva-
lent to an equation in the subdirectly irreducible algebras. Let δ, ε be terms
such that the formula
∀x¯[η(x¯)↔ δ = ε]
is valid in the subdirectly irreducible members of V. Recall that h(α) < h(β)
in A. Since A is finite, there is a cover c ≤ h(β) of h(α) in A. Now, we are
ready to write up the desired cover term γ of α. Let γ denote
σ(δ, ε, ρ(c), α)
where σ is the switching term of the discriminator variety V. We are going
to show that γ ≤ β is a cover of α in F.
We begin with showing that α ≤ γ ≤ β in F. In order to show this, we
have to show α ≤ γ ≤ β in all subdirectly irreducible elementsB of V. Notice
that α ≤ ρ(c) does not necessarily hold in F. Let thus k : F → B ∈ V be arbi-
trary, with B subdirectly irreducible. Assume first that k(δ) = k(ε). Since k
is a homomorphism, k(γ) = k(σ(δ, ε, ρ(c), α)) = σ(k(δ), k(ε), k(ρ(c)), k(α)).
Since σ is a switching term in B and k(δ) = k(ε), we get k(γ) = k(ρ(c)) and
B |= η[k]. By (1) and h(α) ≤ h(ρ(c)) ≤ h(β) then k(α) ≤ k(ρ(c)) ≤ k(β)
and we are done. Assume that k(δ) 6= k(ε). Then k(γ) = k(α) by the
definition of γ, so again we are done since α ≤ β in F.
Next we show γ 6≤ α in F. By the construction of η we have that A |= η[h].
Since A is subdirectly irreducible then A |= (δ = ε)[h], i.e., h(δ) = h(ε) by
the choice of δ, ε. Thus h(γ) = h(ρ(c)) by the definition of γ, but h(ρ(c)) = c
by the choice of ρ(c). This shows that h(γ) 6≤ h(α) since h(α) < c in A, and
this implies γ 6≤ α in F.
Finally, we show that γ is a cover of α in F. We will show that for all
τ ∈ F such that α ≤ τ ≤ γ in F we have either τ ≤ α or γ ≤ τ in F. So,
assume α ≤ τ ≤ γ. Then h(α) ≤ h(τ) ≤ h(γ). Since h(γ) = c is a cover of
h(α) in A, either h(τ) ≤ h(α), or h(γ) ≤ h(τ). Let k : F → B be arbitrary
with B ∈ V subdirectly irreducible. Assume h(τ) ≤ h(α). If k(δ) 6= k(ε)
then k(γ) = k(α), so k(τ) ≤ k(α) by τ ≤ γ. If k(δ) = k(ε), then k(τ) ≤ k(α)
by B |= η[k], (1) and h(τ) ≤ h(α). So, in either case we have k(τ) ≤ k(α),
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which implies that τ ≤ α in F. Assume h(γ) ≤ h(τ). If k(δ) 6= k(ε) then
k(γ) = k(α), so k(γ) ≤ k(τ) by α ≤ τ . If k(δ) = k(ε) then B |= η[k], so by
(1) we have k(γ) ≤ k(τ) by h(γ) ≤ h(τ). Since in either case k(γ) ≤ k(τ),
we have γ ≤ τ in F, and we are done. QED
We have the following corollary.
Theorem 2 Let V be a discriminator variety that is generated by its fi-
nite algebras as a variety. Assume that V has a Boolean algebra reduct and
its similarity type is finite. Then the finitely generated V-free algebras are
atomic.
Most varieties arising from logic have Boolean algebra reducts, and atom-
icity of their free algebras corresponds to weak Go¨del’s incompleteness prop-
erty holding for the logic, see [9] or [3, 8].
None of the conditions of Theorem 1 can be omitted without affecting its
truth. The condition of V being of finite similarity type is necessary because
the free algebra of the class of Boolean algebras with infinitely many constants
(of which we do not state any equations) is atomless. The condition of the
free algebra generated by finitely many elements is necessary because the
infinitely generated free Boolean algebra is atomless. The condition that V
is discriminator is necessary because the variety of 2-dimensional cylindric-
relativized set algebras is generated by its finite members but its finitely
generated free algebras are not atomic, see [8]. The case is similar for other
varieties of relativized algebras in algebraic logic, see [6, 7]. The condition
that V be generated by its finite members is necessary, because varieties
of un-relativized algebras in algebraic logic usually do not have atomic free
algebras but they are discriminator in the finite-dimensional case. This is
the case for the varieties of abstract and representable relation algebras, the
abstract and representable finite-dimensional cylindric algebras, diagonal-free
3-dimensional cylindric algebras. See, e.g., [3, 5, 9, 10] or [4, 4.3.32].
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